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foreword

This is part II of the f ina l technical report for Contract No. N62269—
76—C—0378 , which i~ sponsored by the Naval Air Development Center , Wa rniinster ,
Pa . The work was perfor med during the period of July 1, 1976 thro ugh
December 3O ,~~ 9iJ , Mr. Lee V. Cause was the cot ct~~~1titor.

C
The contracted study is under the title “Certification of Composite

Airc raft Structures under Impact , Fatigue and Enviro nmental Conditions ” ;
parts I and II of the study are under the supervision of Dr. P.C. Chou ,
while part III is unde r Dr. A.S.D. Wang, both of Drexe l University.

This report concerns par t II of the contract , the scale effec t in
fatigue of composite materials. It is a self—contained report including
definitions of all nomenclature used , and its own introduction and conclu-
sions.

The authors woul d like to thank Dr. Edward J. McQuillen, Dr. James L .
Huang and M r . Lee W. Cause for the frequent technical discussions . The
authors would also like to thank Mr. Ja mes Alper and Mr. Dinh Nguyen who
helped conducting the experiments.
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I. Introduction

It is known that the endurance limit (fatigue limit) of a material under

fatigue loading decreases as the size of the specimen increases [1]. A large

amount of test data for metals are available, and many theories have been

offered, but none of the theories are satisfactory. For instance, in [2] it

was found that for an Al—Cu alloy the fatigue limit of a large sheet (230 me

width) is only 50% of that of a small sheet (19 me width). In contrast, the

fatigue limit for corresponding mild steel specimens showed that the large

sheet has 85% the fatigue limit of the small sheet. Among factors mentioned

that may contribute to the scale effect include maximum stress gradient, heat-

ing of large specimen, surface stress, etc. No statistical theory was mentioned.

Recently, the detrimental effect of size in composite material has been

recognized and attempts by the statistical approach have been proposed. For

instance, in Ref. (3] and [4] the ratio of strength of two specimens w~s

assumed equal to the ratio of their volumes under stress. This, in essence,

is considering that all defects or micro—flaws are arranged in series, and

the weakest link breaks the chain .

The concep t of in—series and in—parallel arrangemen t in statistical

studies is not new. In classical reliability analysis the series—parallel

arrangements are of ten used for engineering systems, see for instance Shooman

[5]. These arrangements have also been assumed, sometimes implicitly, in

studying the strength of structures and materials, see [6]. It seems that

they have not been used to study the scale effect of fatigue life.

The goal of the present study is to obtain basic understanding of scale

effect in the fatigue life of composite material structures. This basic

understanding may be used to develop scaling laws such that the service life

Ii 
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of a full size structure may be predicted from tests of small size models

or specimens.

The full size structure is considered as consisting of n “elements” .

These elements may be statistically in—series , or in—parallel , or a comb ina-

tion of these two. If the whole structure fails when any one of the elements

fails, then these elements are considered to be in—series. This is also

known as the weakest—link theory. On the other hand, if after one element

fails, the rest of the elements can still carry the total load, the elements

are considered in—parallel; this is equivalent to a bundle of loose filaments,

and amenable to the bundle theory analysis.

If the strength , or fatigue life, of the element has a small statistical

scatter , or large We ibull shape parameter , then the mean strength or life

of the n—element structure is not too much different from that of the element .

This is true for both in—series and in—parallel arrangements. However , if

the scatter is large , which is the case for fatigue life of composites , the

n—element structure has much shorter life than the element.

To substantiate this in—series/in—parallel model in relation to fatigue

of composites , we have selected as the basic element a composite specimen

with a single drilled hole , (Fig. 1). By arranging a number of holes in

different arrays, we may accomplish in—series and in—parallel models . The

present paper reports the results of the basic element and the three elements

in—series cases, as shown in Fig. 1. This drilled—hole element was selected

because it represents the rivet or bolt holes in actual structures, and it

can be arranged in simple in—series/in—parallel models. Fatigue properties

of riveted and bolted joints in composite panels are reported in [7] and [8].

2
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A. Geometry
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Basic Element 3 In—Series

All Dimension in Inch
(1 Inch — 25 .4 mm)

B. Properties

Material: Hercules AS/350l—6 graphite epoxy

Layers: 12

Layup: [± 45/02/+ 45]~

Figure 1. Specimen Geometry and Properties
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The ap. ..imens were loaded in static compression and constant amplitude

compression fatigue. The compression loading is used because it is known

that graphite/epoxy composites have a shorter compression fatigue life as

compared to tension fatigue, see Refs. [9] and (10]. The fatigue tests were

at a constant amplitude of 0, = —2800 lbf (—12.50 kN) (R = —co ) .

This maximum compression stress is approximately 74% of the mean static strength. 
L

Relevant properties and dimensions of the specimens are shown in Fig. 1.

The in—parallel model of scale effect is in the developement stage.

Pertinent material concerning this model and its verificatiot is contained

in Appendix A.
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II. Equations for the In—Series Model

In the traditional weakest link concept in material strength, the basic

“link” is a flaw in the material, see for instance Ref. [11]. The present

in—series model is of the same principle as the weakest link, except we use

a structural “element” as a link. This element can be of a size in the same

order of magnitude of the total structure. It is well—known that the weakest

link concept can be described in mathematical statistics by the extreme value

theory, see for instance, Ref . [12] and [13]. We shall, summarize the results

for elements of Weibull distribution.

Consider a basic element of Weibull distribution, with a density function

= 

a(x-x0)~~
1 

exp [_ (
~

)j (1)

and a cumulative distribution function (CDF)

L a

F
x

(x) = P(X < x) = 1 - exp[_ 
(

X_X

o ) j  (2)

where x — strength or life, x~ = position parameter, a — shape parameter, and

8 — scale parameter. Then the CDF of an n—element in—series specimen can be

shown to be

P
X
(X) P(X~ < x) = 1 — [1 - P(X < X) ]

i (3)

The density function, f~ (x) , of the ri—element specimen is then
a—l r aa (x—x

0) x—x

H 
f (x) - 

(6/ 11a) a exP L_~~~l,~
Comparing Eq. (4) with Eq. (1) , we conclude that the shape parameter a , and

position parameter x0, of the n—element in—series model are identical to those

of the basic element; the scale parameter B is reduced from that of the basic

(1/a)element by a factor n

L - 
.~~~  
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The mean strength or life is given by

(5)

If the position parameter is equal to zero then the mean of the n—element

in—series, 
~n 

is related to the basic element mean, i~ by

,
(6)

~j \n/

The decrease of the mean is a function of the shape parameter, as well as

the number of elements, n. For a value of ~ 2, the strength or life de—

creases a great deal; for n — 100, the strength of the in—series combination

is only 10% of the basic element. For a large value of a, however, the

decrease in strength is not too much. For instance, for n = 100 and a — 30,

is 86% of u. Eq. (6) is plotted in Pig. 2.

Since for composite materials the shape parameter for static strength

is between 10 to 30, and for fatigue life it is between 1 to 3, it can be

seen that the size ef~~ct is more serious in fatigue life than in static

strength, if the elements are in—series. In other words, a long coupon has

almost the same static strength as a short element, but has only a small

fraction of the fatigue life of the element.

6
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III. Static and Fatigue Experiments

To verify the in—series model a number of static and fatigue tests were

performed using both the basic element and the in—series specimen.

A. Specimens All specimens used for this study were cut from a Hercules

AS/3501—6 graphite/epoxy composite plate prepared at the Naval Air Development

Center, Warminater, Pa. The plate consisted of 12 layers following a layup

of [± 45 /02/ 451g. The overall measurements of the plate were 24 by 34

inches (610 by 860 mm) with an average thickness of 0.072 inch (1.83 mm).

End tabs were cut from plates prepared of 3M Scotchply 1003 fiberglass/epoxy

with a layup of [02/90/0
2

/90/02/90/02]. The thickness of the plates were

0.080 inch (2.03 mm) .

The basic Olement was a 1 x 6 inch (25.4x152.4 mm) strip with a centra l

1/4 inch (6.4 smi) hole. The in—series specimen had the same overall dimensions,

but with three 1/4 inch (6.4 sin) holes . End tabs of length 1 1/2 inch

(38.1 mm) were applied to the ends of both sides of each specimen. (See

cutting procedure for method of application). The dimensions for the basic

element and the in-series specimen are given in Pi8. 1. The portion between

the end tabs was considered as the test section.

The plate was cut into test specimens by means of a 5 13/16 inch

(147.6 mm) diameter diamond saw blade mounted on a Sundetrand Rigidail.

The blade was run at 715 rpm with a table feed rate of 1 inch (25.4 mm) per

minute. The first step in the cutting procedure consisted of cutting the

plate into 6 1/2 x 10 inch (165.1x254.0 mm) sections such that the 00

fibers were parallel to the shorter edge. Next 1 1/2 x 10 inch (38.lx254.0 mm)

end tab strips of 0.080 inch (2.03 mis) thickness were bonded to both aides

of the sections, 1/4 inch (6.4 imn) from each of the 10 inch (254.0 mm) edges .

8 
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The bonding agen t used was Ecobond 51 combined with Catalyst #9, both

manufactured by Emerson and Cuming Inc. These sections were then squared

off and cut down to 6 x 10 inch (l52 .4x254.0 ma) by taking off 1/4 inch

(6.4 sin)  along each of the 10 inch (254.0 sin) edges. Next the sections

were cut into 6 x 1 inch (152.4x25.4 mm) strips. Each section yielded 9

of these strips.

Specimen holes were drilled with straight fluted solid carbide drill

bits manufactured by Cleveland Twist Drill Co. First a pilot hole was

made in the specimen with a 1/8 inch (3.2 mm) bit. This was enlarged with a

1/4 inch (6.4 nun) bit. The bits show no noticeable wear after drilling

F in excess of 200 holes.

Af ter cutting and drilling the completed specimens were stored at

room temperature and humidity until testing.

B. Testing Apparatus All testing was performed on an m atron Model 1230

Dynamic Test Machine equipped with a Model 836 remote control panel , a Model

602 load and stroke controller panel, and a Model 860A function generator.

This testing machine has the capacity of ± 10,000 lbf (-
~ 40 k1) load which

can be applied in the form of a sine input, triangular input, square input,

or ramp input. The maximum reliable frequency for operating this machine

is 30 Hz. The m atron Wedge Action Gripping Jaws were used in conjunction

with our own gripping and anti—buckling guide system (to be described later) .

For static tests a. Hewlett Packard Model 7045A X—Y Recorder was used.

Additional equipment included a Tektronix 7623A Storage Oscilloscope and a

lCeithley Instruments 160 Digital Mult imeter.

9 

- fl ..



P~~r)C -78259 60

A method for gripping the specimen and for preventing buckling duri ng
loading was designed, and a sectioned assembly of this apparatus is shown in
Fig. 3. As can be seen the bottom and top grips are held in place by the
m atron Jaws. The gape between the jaws and the grips are filled with shim
stock. Th. top grip is stationary and the two vertical runners are bolted
to it. The bottom grip is free to ride up and down in these runners. The
applied load is transmitted by the actuator arm of the m atron through the
bottom m atron Jaw to the bottom grip. The frictional, force between the
bottom grip and th. vertical runners was found to be negligible (less than
10 .~.bf or 44 N). The anti—buckling guide also fits in the runners and is free
to move up and down. The runners insure correct alignment of the top and
bottom grips and the anti—buckling guide. Hence the test specimen will have
no initial crookedness. The clearance between the anti—buc kling guide faces
and the specimen surfaces of course varies from specimen to specimen but
on the average is 0.003 inch, (0.08 nun) . The section view shows that the
specimen’s ends are in contact with the grip floors. This insures that the
load is applied on the ends of and along the axis of the test specimen.
The f igure also indicates that the rear gripping plates are held in place
by 1/4 20 Allen screws inserted through the front grips . The rear anti—
buckling guide plate is held to the front anti—buckling guide by four screws.

Detail drawings of the grips and anti—buckling guide are presented in
Apperidix B.

C. Testifl ...~~~dM~ee All tests were run at room temperature with ambient
humidity. In order to reduce friction between the specintan and the anti—
buckling guide, a thin coating of )tolykote 44 grease, a heat stable silicone
lubricant, was applied to the contact surfaces of the guides.

10
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For static tests .the specimen was secured in the grips and the back

of the anti—buckling guide was screwed in position. A compressive load

of 10 lbf (40 N) was applied to the specimen and then the screws holding the

backs of the grips and ant i—buckling guide were torqued tight . The load

was then released. Next, opera ting in the stroke mode and us ing the ramp •

input a compressive load was applied to failure. The failure load was re-

corded on the X—Y plotter.

For fatigue tests, the specimen was secured in the grips and the back

of the anti—buckling guide was screwed in place (hand tight) . Small

pieces of styrofoam were placed between the guide and the grips in order to

damp out any vibration. Operating in the load mode a compressive load was

gradually applied up to 100 lbf (440 N). Then the screws holding the grips

and guide in place were torqued tight . The load was then increased slowly

until the desired mean load was obtained. In the present test , the mean load

is—1400 lbf (—6.23 kN). A sine wave cycling of the applied load with an

amplitude of 1400 ].bf (6.23 kN) was then started. For the first 10 cycles a

frequency of 0.01 Hz was used. During this t ime the loading was rechecked

with the use of the digital multimeter and oscilloscope to make sure that

the specimen did not go into tension and the load was cycling between 0 and

—2800 lbf (—12.50 kN) . The frequency was then gradually and slowly increased

to 5 Hz. Periodically the loading was checked with the oscilloscope and

screws rstorqued as necessary . The specimen was run to failure and fatigue

life was recorded in cycles by the control panel counter .

— 
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IV. Experimental Results

This section presents the static and fatigue test results for the
basic element , th. three—in—series speeimen , and several other arrangements .
All specimens failed through a drilled hole. For each teat, the ultimate
load , - or the fatigue life of each specimen is given in tabular form . The
sample means and sample standard deviations are also calculated from the
following formulas

Sample mean — — ~~ ‘ 
~~ 

x~,i—i

Sample standard deviation — a I~r ~~(x1
_ ) 2] (8)

where n is the totaJ~ number of specimens tested in each case.H 9-

Table I

Static Strength and Fatigue Life of the Basic Element,
Graphite/Epoxy (± 45/0

2/ 4~~

a. Ultimate Static Compression Load , lbf (kM) (12 specimens)

2950 (13.12) 3600 (16.01) 3900 (17.35) 4350 (19.35)3100 (13.79) 3630 (16.15) 3900 (17.35) 4600 (20 .46)

• 
3250 (14.46) 3770 (16

:
77) 3940 (17.55) 4650 (20.68)

x — 3800 (16.90)
a —  5 5 0 ( 2 . 45)

b Compression Fatigue Life , Cycles , Max. Compression Load — 74Z BasicElement Mean Static Strength , R — —
~~, Frequency — 5 Hz (10 specimens)

17230 26230 78750 107880 12754020010 49460 83300 112120 128780

75130
a — 44200
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Table Ia presents the static strength measured in lbf (kN ) for the basic

elements. The sample mean and sample standard deviation are 3800 and 550 lbf

(16.90 and 2.45 kN) respectively. Table lb gives the fa tigue life measured

in cycles for the basic elements. The maximum compressive load to which each

element was subjected was 2800 lbf (742 of mean static) while the minimum.

load was 0. The mean and standard deviation of the basic element fatigue life

were 75,130 and 44,200 cycles respectively.

Table II

Static Strength and Fatigue Life of the Three—In—Series
Specimen, Graphite/Epoxy 1± 45/02/i 45]~

a. Ultimate Static Compression Load, lbf (kN) , (10 specimens)
3000 (l3.34)T* 3260 (14.50)T 3450 (15.35)B 3660 (16.28)B
3150 (14.0i)n 3400 (15.12)8 3600 (16.Ol)B
3150 (14.Ol) T 3400 (15.12)M 3600 (16.Ol)T

— 3370 (14.99)

a —  220(1.00)

b. Compression Fatigue Life , Cycles , Max. Compression Load — 742 Basic
Element Mean Static Strength , R — —

~~~, Frequency — 5 Hz (9 specimens)
2090 N 15270 8 19990 N 29950 N 47690 B
5040 T 16090 B 24700 B 32740 B

21510
a — 14200

* Failed hole location, T — top , N — middle, B — bottom.

Table h a  shows the static strength measured in lbf (kN) for the three—in—

series specimens . Also the position of the failure is given. The sample

mean is 3370 lbf (14.99 1cM) and the standard deviation is 220 lbf (1.00 kN) .

Table lib presents the fatigue life in cycles and the position of the failed

hole for each of the three—in—series specimens subjected to the same loading

conditions as the basic element fatigue specimens. Here, x — 21,510 cycles,
and s 14,200 cycles.

14
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We see that in the static case the mean strength of three—in—series

specimen is 892 of the basic element mean strength. However, the mean life -

of the three— in—series specimen is 29% of the basic element mean life. It

is evident that the in—series configuration greatly reduces the fatigue l ife,

but has a much less effect on the static strength.

Some additional tests were performed on specimens with different

geometries than described above. This data is compiled in Appendix C.

¶

I .
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V. Parameter Estimations

A. Interval Estimation for the Mean

According to the in—series model, the life and strength of the three—

in—series specimen should be lower than those of the basic element. From

the data in the previous section, it can be seen that indeed the sample

mean life and mean strength for the three—in—series are both lower than the

corresponding basic element values. The sample mean values, however, are

random variables , dependent on the sample size , and by themselves have less

statistical significance. In order to establish a confidence level on the

hypothesis that the three—in—series and basic element specimens were from

two different populations and that the three—in—series case has a lower mean

value, we shall make interval estimations for the means .

We shall assume that the random variable

— ~~~~~~ 1 (9)tn_i

has the Student—t distribution with n—l degree of freedom. Strictly speak—

lug, this is true only when the population is normal. For practical pur—

poses, it is a good enough approximation for non—normal distributions, (14].

Based on this assumption, we have estimated the confidenc e intervals for all

four cases , and listed the results in Tab le III.

16
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Table III

Confidence Intervals f or Basic and Three—In—Series Specimens

Fatigue Life

Specimen Confidence Interval 2 Confidence
for l~ean Life, Cycles

Basic [43510, 106750] 95%
3—in—series [10600, 32420] 95%

b. Static Strength

Specimen Conf idence Intervals 2 Conf idence
for Mean Strength
lbf kN

Basic [3520 , 4090] [15.7, 18.21 90%

[ 3460, 4150] [15.4, 18.5] 952

V Three—in—series (3240, 35003 [14.4, 15.6] 90%

[3200, 35303 (14.3, 15.7] 95%

As can be seen the 95% confidence intervals of the population mean lives of

V the basic element and three—lu—series specimen are disjoint, and the former

larger than the latter. This implies that these sample means come from

separate populations and the basic element has longer life. Table III also

lists the 90% and 95% confidence intervals for the basic and three—in—

series mean strengths. Here it is seen that the 95% confidence intervals

• - overlap whereas the 90% intervals do not. It can be argued, although not

as strongly as in the fatigue case, that the strength results of the basic
V 

and three—in—series elements do indeed come from different populations .

B. Point Estimation, Weibuil Distribution

It is well—known ~hat the strength and fatigue life of materials can

be best characterized by the log—normal or the Weibull distributions. In

this study, the two parameter Weibull distribution is used to represent

our results. The cumulative distribution function (CDF) has the form,

17
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F(x) — P(X < x) — 1 — exp[— (tT (10)

Having collected sample points x, the parameters can be estimated

in many ways, for instance, method of moi...~nts , maximum likelihood, and

regression. In this study the method of linear regression was used to esti-

mate a and 8. This technique requires an assignment of numerical values

of P1 (called the rank) for each x~. There are many ways of making this

assignment but in this 8tudy the median rank method was used. Here the

sample points are ordered from lowest to highest and then P~ is assigned by

the approximate median rank formula

i — 0.3
1 
= 
n + 0.4’ . ,n (11)

where n is the total number of data points comprising the sample.

In using linear regression, let us transform Eq. (10), by taking the

logarithm twice, into the form

y ’ = ax’ — a in 8 (12)

where

x’ inx (13)

— in in 
[1P(~ < x)] (14)

At x — x~, the corresponding values of x~ and y~ can be evaluated from

Eqs . (13) and (14). The quantity y~ is associated with the theoretical din—

tribution (10), evaluated at x~. The corresponding value from the approximate

rank is given by

y~ — in in{~~~~] 
(15)

18
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The difference y1 
— y~ , which represents the error , is squared , and

summed over i or,

n2 r
— ‘.~ (y i Yi)
1—1 (16)

— — ax~ — a in 8) 2

i—i

This sum of the square of errors is then minimized, by forming the two

equations ~ — 0 and 3A2/a8 0. Solving these two equations yields

the two unknown parameters as

~ x
1 y

1
-1 

~ x1 ~ 
y
~ 

-

a — ~~~~ (17)
n ,n ~22 1’x --- I L x2- i—i. ~~

\
~i—i

• 4C
j

~~~~ 3 ’j  1
8 ex~

[
~~~

i 
n a~~

1 (18)

Table IV gives the values of a and 8 for the four cases. Values of

the mean u and coefficient of variation are also listed and were obtained

from the formulas

(19)

• 
- rr (~±a) - r2 (

~~~)Jl/2c.o.v . — L a j (20)
a

19
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Table IV

Estimated Weibull Parameters for

Basic Element and Three—In—Series Specimens

a. Fatigue—Life, cycles

Specimen a B ii
cycles cycles C~0~V~

Basic 1.36 87840 80400
Element . 

.74

Three—in—series 1.09 25390 24700 .93

b. Static Strength , lbf (kN)
Specimen a 

lbf (kN ) lbf (kN) C~0•V•

Basic 7.6 4040 3800
Element (17.97) (16.90) .15

Three—in-series 16.2 3470 3360
(15.44) (14.95) 

.06

The Kolmogorov—Smirnov goodness of fit test was used to see how well

the Welbuli distributions described the data. In all cases the fitted

distributions were acceptable at a significance level of 5%.

Fig. 4 presents the Weibull CDF for the fatigue life. The solid

curve represents the CDF for the basic element and the dashed curve the three—

in—series . The ten data points for the basic element are plotted as x’s

and the nine data points for the three—in—series are given as open circles.

It can be seen that the scatter for both the basic element and three—in—

series specimen is large. The Weibull distributions fit the data points

fairly well.

Fig. 5 shows the CDFs and data points for the static strength. Once

again the solid curve and x’s are for the basic element; the dashed curve

and open circles give the three—in—series information. The static strength

is seen to have much less scatter than the fatigue life.

- 

:°
. _ _ _ _ _ _ _ _ _

—S a



N,ADC.78259 .60

Cumulative
Distribution

.
3 In—Series /
— — — F i tted

0.6 • Data Basic Element
- Fitted

• ,‘ x Data
0.4 “ /

,

4
~~#

• ~~~~
0 0.2

Life (Cycles)

lxlO lxlO lxlO

Figure 4 Distribution Curves for Compression Fatigue
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Figure 5 Distribution Curves for Static Compression Strength •Data of Graphite/Epoxy.
B, Basic Element Scale Parameter — 4040 Lbf (17.97 kN)
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Looking at the estimated population means we find that the static

strength of the three—in—series specimen is 89% of that of the basic ele-

ment. However, the fatigue life of the three—in—series is only 312 of
the basic element. These percentages are seen to be in general agreement
with those discussed in the p revious section that were calculated from
the sample means.

22
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VI. Analysis and Conclus ions

From the theoretical analysis, it can be seen that once the distribu-

tion of the basic element, Eq. ~2) is known, the distribution of the in—

series specimen can be calculated from Eq. (3). This is done for both the

static strength and the fatigue cases , and the results are presented in

Table V. They are also shown in graphical form in Pigs. 6 and 7. The

calculated ones are labeled “predicted”, while the fitted experimental ones

are labeled “experimental”.
I

Table V

Comparison of Measured and Predicted Properties
of Three In—Series Model

.1 2~ a. Fatigue Case (Large scatter, small shape parameter).

Three in series
Basic Element

Predicted Measured

Shape Parameter 1.36 1.36 1.09

Mean Life 80400 35900 
— 

24700
cycles

• b. Static Case (Small scatter, large shape parameter)

Three in series

Basic Element
Predic ted Measured

• Shape Parameter 7.6 7.6 16.2

3800 3290 3360Mean Strength 
(16.90) (14.63) 

— 
(14.95)
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For the life of the three—in—series specimen we see from Fig. 6 that the

shapes of the experimental curve and predicted one are close; however the

predicted mean life is 45% higher than the experimental. One possible

explanation for this is that the stress distribution is non—uniform along

the length of the specimen and the bottom hole is subjected to higher load,

and therefore has shorter life than the other two. This is born out by the

fact that in the three—in—series fatigue case over 50% of the specimens failed

at the bottom hole.
S

In the case of the static strength the shapes of the experimental and

predicted are different , but the mean strengths agree to within 3%.

2— Based on the results and analysis presented in this report the follow-

ing conclusions can be drawn,

V A. The statistical scatter of strength and life of a basic element is

one of the main reasons for the decrease in strength and life for larger

structures. In other words, the scale effect in fatigue can be explained by

statistical considerations.

• B. In general, a large structure contains many small elements which are

statistically arranged in a combination of in—series and in—parallel modes.

For certain special structures, a simple in—series arrangement can be assumed.

In the present case, the three—holed specimen is truly an in—series model,

and its life and strength calculated from theory are in good agreement with

measured data.

• C. The larger the scatter of the strength or life among specimens, or the

smaller the Weibull shape parameter , the larger their decrease for large

structures due to the scale effect. Since in general there is more scatter

in fatigue life than in static strength, the scale effect is more pronounc d

in fatigue. It is also observed that there is more scatter in fatigue life

25
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for graphite composite materials than for metals. Consequently, fatigue

data obtained from small composite coupons must be used with caution

when applied to larger structures.

• I

I

I 
• 

c
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Nomenclature

CDF Abbreviation standing for cumulative distribution function

C.0.V. Coefficient of Variation

f(x) Probability density function

F Force applied to a bundle of fibers

F
~ 

Breaking force of a bundle of fibers
F(x) Cumulative distribution function

n Number of fibers or elements (as a subscript — the number of
elements in series; as a super script in parenthesis — the
number of elements or fibers in parallel).
Also total number of data points in a sample .
Number of surviving fibers or elements

P(X<x) Cumulative distribution function

P~ Median rank

2- Sample standard deviation

x Value of strength or life

x0 Position parameter

x Sample mean

xr Value of breaking force of a fiber

X Strength or life of a basic element

Strer~gth or life of an n in—series element

The failure load of the bundle/n.

a Weibull shape parameter

B Weibull scale parameter

a Population standard deviation

Population mean

27
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Appendix A The In—Parallel Model — Bundle Theory

The in—parallel model of scale effect considers a number of basic ele-

ments (fibers) arranged in parallel so that if one or more break, the sur-

vivors will carry a redistributed load. The theory for this model is based

on the bundle theory of Daniels [15]. The model is applicable to both the

static and fatigue modes of loading. However the existing set of equations

of the bundle theory can be applied only to the static case and is reported

in this appendix. In order to apply the bundle theory to the fatigue case,

additional development is needed.

The Exact Formula The cumulative distribution functi rn (CDF) of the fiber

under a static load is

Fx(x) P(X < x) (A—i)

where X is the breaking load of the fiber. Grouping n fibers together in

parallel will form a bundle. If this bundle is subjected to a static loading

and if after any fiber failure the survivors share the load evenly then the

distribution of the bundle is

• 
F ( ) (x) — P(X~~ 

~~

x)

_

_

r

m
~
1 

~ (_ 1)~~
mn !~ p(X n ] 1

[~ ~ .
~~ r1~~2

)j 2 [P(x < x)] 
,
/

‘
r1 !r 2! 

. r~ !

where x~
tt) — the failure load of the bundle/n. The ri

’s are integers

greater than or equal to one such that

~ r1 — n  • (A—3)
i—i

where 0 < in < n. The inner sum in Eq. (A—2) indicates the sum over all

29
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combinations of r~ subject to the condition given in Eq. (A—3).

For two fibers arranged in parallel Eq. (A—l) reduces to

P(X~
2
~ < x )  = 2P (X < 2x)P (X < x) - [P(X < x) ] 2 (A—4)

As the number of elements or fibers increases Daniels’ exact formula quickly

becomes unmanageable . We have expanded Eq. (A—2) for ~alues of n up to

n—i. For cne case of n 7  the expression contains 64 terms. The expanded

formulas and the associated computer program listing are given at the end

of this appendix. However, as the number of elements becomes large,

P(X ~ < x) approaches a normal distribution and its mean can be expressed

in a simple formula. This will be derived below.

The Large Bundle Theory The large bundle theory, which was presented by

Daniels , can be derived by simple considerations. The result is limited, 
P2.

V however , to the mean strength of the bundle. The standard deviation of the V

normally distributed strength was given by Daniels after a lengthy statistical

derivation. In the following, we shall derive the mean strength expression

and present Daniels’ standard deviation formula without derivation.

Consider a bundle of fibers subjected to a force F. Each fiber will

experience a f orce x where

x — (A—5)

and n ’ is the total. number of surviving fibers currently in the bundle.

Let the probability that a single fiber breaks under the force x be

P(X < x),
fX

P(X < x) — 

J 
f(c)dc (A—6)

0

where f (~) is the probability density function.

30
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The reliability is given by

R(x) - 1 - P(X < x) - rf(C)dC (A-i)
J x

The total number of fibers surviving will be n’,

n’ = n R(x) — n[1 — P(X < x)]  (A—8)

where n is the total number of fibers originally in the bundle.

The relationship between the force applied to the bundle, the force

experienced by each surviving fiber , and the number of original fibers is

obtained by substituting Eq. (A—8) into Eq. (A—S) and rearranging, or,

F— n x[l — P(X < x)] (A—9)

The breaking load F can be obtained by maximizing the force F in

Eq. (A—9); this yields

~~~~~— 0dx

or

{nx[l — P(X < x)] } — 0 (A—b )

Performing the differentiation yields the equation

[1— P(X <x) J x f(x) (A—li)

The value of x that solves Eq. (A—li) will be designated as x~. The

-corresponding value of the breaking load is obtained by substituting x~

into Eq. (A—9). Thus

F — n x[l — P(X < x ) J  (A—12)

V Daniels shows that large bundles have failure strength that are of

a normal (or standard) distribution. The mean strength is then given

by F1/n , and the standard deviation is

— 
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V ! P ( X < X  )[ 1 - P ( X < x  )~3’
— ~~ w - (A—13)

1! fl

When a Weibull distribution is assumed for the single fiber, the value

of x1 can readily be obtained from Eq. (A—il). The Weibuli density and

distribution functions are

a (x—x
0f~~ x—x0 

a~j
f (x)  — exp — (k-14)

and P(X < x) = 1 - exp - 
( B ) 

(A-is)

We will further assume x0 
= 0.

Substituting the Weibull distribution into Eq. (A—li) and solving

gives x1
V 

= B (A—16)
V 

‘t

• The breaking force from Eq. (A—12) will therefore be

F
~ 

- 
1/ exp( ~

) (A-17)

Then for large bundles , the mean and standard deviation will be

= 

(a)~~”~ 
exp t

’ 

~
) (A—iS)

and = 

~/a 
~~~~ 

- exp(-~~~~) J  exp(- ~
) 

(A-19)
a
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V 

The coefficient of variation , C.0.V., is just the ratio of a to ii. Therefore

f or a large bundle

1 11/2
~
. ., i [1 — exp (— —)]j

C.O.V.’~
’ — ) (A—20)

• L 
n exp(-

As can be seen the mean strength is independent of the number of fibers

(or elements) arranged in parallel whereas cy(n) and ~~~~~~~~ are inversely

proportional to the square root of n.

• Figures A—l—3 show the CDF of the bundle where the basic elements are

Weibull with indicated shape parameter. The distributions for n = 2,3,4,
5,6,7,50,100, and 1000 elements in parallel plus the basic element are

shown. Values of shape parameter of the basic element used are 2,14, and

24. The plots have been nondimensionalized by the scale parameter of the

V 
basic element. Also tabulated on these figures are the values of u / B , a/ B ,

and C.O.V. for each arrangement.
V 

Interpolation for n=7 to 50 For small values of n, up to n=7, we have

V expanded and calculated the exact bundle formula. For large values of n,

• the large bundle equations are applicable. There is a need to have formulas

for the intermediate range of n, say, between n 7  and 50. We shall attempt

to do this by interpolation. Figure A—4 Is a plot of the mean strength for

both large bundles and small bundles. The values for n=7 to 50 can be

Interpolated as shown. Similarly, Fig. A—5 shows the corresponding plots

for the coefficient of variation. V

Planned Experimental Work In our experimental program , we intend to test

Daniels’ formula for three elements in parallel subjected to a static load.
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The In—parallel model subjected to a fatigue loading is considerably

more involved than the static case. This is primarily due to the fact

that after some fiber failures, the loading in the remaining fibers in-

creases, and the corresponding life distribution also changes. Further

analytical work must be done before an expression to predict fatigue life

can be presented. The experimental portion of this phase presents some

special problems. One problem is the transient loading following a fiber

failure may cause additional failures. Another problem is that the load

in the surviving fibers, for n—3 or 4, may exceed the static strength. One

testing procedure which may prove succeseful Is to operate in the constant

stroke mode. The minimum applied load will be 102 of the maximum. The three

V elements will be placed side by side in the gripping anti—buckl ing apparatus .

When one specimen fails the test will be stopped and the remaining specimens

rearranged so as to insure uniforms loading. The test will then be restarted

and run until the next specimen fails. After positioning the last element
V 

the test will proceed to total failure, The total life of the three—in—parallel

V arrangement will be recorded.

Expanded Formulas for Small Values of n

Eq. (A—2) has been expanded for values of n up to 7. On the following

pages these expansions are given. Following these is the computer program

listing used to evaluate P(x~~ < x),  and

V 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

V V
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Appendix C. Additional Data

Some additional fatigue teats were performed with elements having

different geometries. All tests were performed with the same loading con-

ditions as described In the main body of this report. The first set of tests

was performed with elements containing four 1/4 inch (6.4 nun) holes as shown

in Fig. C—l. Table C—I gives the life and the failure location of these

elements. The mean life is 5430 cycles. This is much less than the in—

series model prediction life. Due to the fact that all elements failed

through the bottom hole it was concluded that its location was too near to

the end tab and thus experienced a greater load than the other three.

Several months later a series of fatigue tests were performed on ele-

ments containing two 1/4 inch (6.4 nun) holes as shown in Fig. C—2. The

initial, tests in this series were performed with configuration 1 type

V elements. These all broke through the bottom hole. The geometry was

V

S 
altered by moving the two holes further apart as shown as configuration 2.

The8e also all broke through the bottom hole and had shorter life than

configuration 1 elements. The lives for these two configurations are shown

in Table C—Il .

In order to see if the position of the hole in an element affected the

life, a series of three tests were performed with an element with a 1/4

inch (6.4 turn) hole located near the bottom end tab as seen in Fig. C—3 .

Table C—Ill records the life for these tests. As can be seen the lives are

much shorter than the lives recorded for the basic element (Table Ia).
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This tends to indicate that the closer the hole to the bottom end tab, the

greater will be the force seen by the hole and hence the shorter the

life.

The results obtained in Tables C—I—I ll tend to indicate that the

stress distribution is not uniform throughout the total length of the

specimen. Since the dynamic loading is applied by the accuator to the

bottom of the specimen , the stress concentration at the bottom hole is

greater than at the other holes.

This evidence is of course not conclusive . Other plausible explana-

tions can be forwarded. First the original basic and three—in—series V

elements were taken from one end of the plate whereas the elements discussed

in this paragraph were obtained from the other end of the plate. It is

conceivable that the two ends of the plate had different properties and

thus the elements taken from each constituted distinct populations . A

randomized scheme of picking test elements of course would have eliminated

this possibility. Another explanation was that the tests listed in

Tables I, II and Tables C—I—Ill were performed before and after respectively

a major breakdown and repair of the Instron testing machine. Also, the

gripping anti—buckling guide may have been inserted in the m atron improperly.

In short , due to the uncertainties associated with Tables C—I—Ill no fur ther

V 
analysis was attempted on this data .
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